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Two Observers : Metric Spaces :
Setup : There are two observers embeded D: A metric space is a pair
at the same point in a plane ✗

- (× , d) consisting of a set ✗

Or's coordinate system is 0
,
's rotated a a function d : ✗ ✗ ✗→ IR st .

by 0 . ( Mt ) dlniy ) > 0 Nonnegative .

The measunmeet functions for the two (Mz) dcniy )=0 ⇒ n=y separation
observers are M

, ,mz
: ✗⇐ IRZ 1m33 dln.yt-dly.ae ) symmetry

& Denote Ro://22-ypi.ir→ ( ↳
so -

Sinorsince coso (MU ) dlniyltdly.tt ) > dlx ,z) Trinange

V-nuy.tt C- X .

T : ✗y
z

m
, &mz give

the coordinates
of is a nutria space

1122 12-0>112 of an element
of ✗ in Oz {*3 is a metric space , dC* , * 1=0
coordinate system .

¥yR%"
T: the following are metrics

on IR
"

Euclidean
norm 1122 This diagram commutes .

• d.Guy )
= :# tri -yil

• delay)=[f(ni -yili
"

Euclidean

D: fi /R2 → IR is coordinate independent • d- (n.y)
=max{ I - i -yiBie[n]

if for any observers
0
,
& 02

ffm.ca ) ) =f( Mzln)) toe c- ✗ . T :(s , ,
da) is a metric

space
5
,

= { 2- c- 1122 I 11711 -_ I }
• Il - Il is coordinate independent. da :S

,

→ [0,217)
,

lay)l→min{ 14Th -10'lyH , it - 14Th - oily)B
T : For a function fi1Ñ→R with In )= ( cosine) ,

sink)) .

f is coordinate independent
⇐ f. Ro=f FOER D: A function fix→ 4 between two
⇐ Fg :R,o→R with f-go 11.11 metric spaces G. dx) & (4.dy ) is
so f is coordinate independent iff it is distance preserving if
a function of the euclidean distance . V-n.sn , c- ✗ dylfln.li/-laz1)--dxln..na)

For pairs of points fiR×Ñ→1R :S D: A bijective distance preserving
coordinate independent ff function is an isometry .

Fh : IR >☐
✗ IR >☐

✗ Gite)→R such that

f- (v.W ) = hlllvll , 11Wh , Alu.nl) T : All distance preserving functions are

Tangle between injective .

the two .
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Topological spaces :
D: A topological space is a pair TOPOLOGIES ON METRIC SPACES :

( X
,

T ) where ✗ is a set & T Let IX. d) be a metric space .

is a set of subsets of ✗ st . D: Been> = Eye ✗ I dcnig) <E }
(T1 ) of , ✗ C- T the ball of radius E in ✗ .

(T2 ) V.VET ⇒ Vnv c-T T: Td = { UEXICV-u-UK-Jo.co)(Been> SUB

CT 3) { Vi}ze± ,
Vai ET Viti ( X

,

Ta ) is a topological space .

⇒ Viet Vi C- T -

D : A topological space (X ,
T ) is metrisabk

The topology is a set of subsets if there exists a metric d on ✗ with

closed under FINITE intersections Td = T
-

& ARBITRARY unions -

T : (✗ id) is a metric space with

D: Such a set T is a topology associated topology I
D: VET ⇐ V is open in the topology ⇒

• A- see#e> o)( Been> c- Td )

D: CEX closed ⇐ FUE T with
•

Every U c- IT is a union of a
in the topology c= ✗W . set of such open

balls .

Open balls are open . They also frm a basis .

T:(X.TT a topological space ,
YEX

⇒ Y is a topological space with T : IX.dxl
,
/4. dy ) metric spaces, Tx , Ty associated

the induced topology topologies - f : ✗→Y is continuous

Tty = { Uny 1 VET } ⇒ (V-u.c-XKV-esokttssokv-n.cl )
( dfa.az?ss--3dyCfaxfaz )< E)

D: For two topologies T.TL on
✗

,

Normal metric definition agrees with topological
T

,
is finer than I :f YET . definition of continuity .

D: The discrete topology on ✗ is PCX ) .

D: The indiscrete topology is {¢ ,✗ 3 .

D:Two metrics d
, .dz on ✗ are

T : The discrete topology is finer than any Lipschitz equirilaut
⇐⇐his >OJLV-n.y.tl )topology ,

& any topology is finer than the ( hdzln.gl Idiocy ) Ekdzcseiy) )indiscrete topology .

☐:(x.TH.LY . topological spaces . Ti This forms an equivalence relation on

A continuous map between the topologies metrics -

is a function fi ✗→ Y such that T : If two metrics are Lipschitz equirilaut
4-VEY )( VE Tu ⇒ f-

'

(V ) C- Tx ) . then the induced topologies are the same

ie . Td
,

= Tdz -

where f-
'

( V ) = Ex ← ✗ Ifta ) c-V3
is the pneimage of a set .

T : For any topological space (X .
T ) D: Continuous

map f. ✗
→ 4 is a

7. a bijection cts IX.E)→ T
, homeomorphism if there is a continuous map

f-→ f-
'

( EB )
g
: Y → ✗ with fog

__ idy , got -_ idx .

Where I is the Sierpinski space . T: Continuous f is homeomorphism
⇐ f- is bijection & Xue -1×14 (v ) c-Ty)
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TOPOLOGICAL BASIS : T : E; C-✗✗ ✗ an egwwileuce relation
⇒ n -D: (X, T 1 a topological space . A set

z#
Ez is an eguiuilence relation

PET is a basis for T T : QEX ✗ ✗ ⇒ F- = A {41 ✗ ✗✗ IQEY
, 4 equivilena}relation⇒ 4- vc-TXV-aec-UIHBC-pxxc-B.EU) is an cyuivilenee relation .

T: ⇐HUE TK7(Bi )i←± . Bi c- p )(U=¥±Be ) D: This E is the equiviknce relation generated by Q .

Every set in the topology can be written as a

(potentially infinite /empty 1 union over elements f- T:(Universal Property of IT ):{ ✗ i }ie± a family
the basis . of topological spaces ,

4 another topological space .

T:P a basis for Tx , f:Y→X a function ⇒ 3 a bijection
cts (4

,
ITX;)

±
> II.* ctsl4.li)for Y a topological space i←± 4

⇒¢ is continuous ⇐ Btp /( f-
'

(B) C- Ty )] Y(f) = Hei •f)a- c-I
When you have a basis it suffices to check where Tj : !¥Xi→Xj ,

Chili c- ±
'→

Nj -

the pneineages of your basis elements to show so given fi :Y
→ Xi continuous Jaurigue

continuity 1 No longer the whole topology ) - ait map f- :Y→T✗i such that ti of
-

- fi
T:X a set p a collection of subsets of ✗ for all i.

with • 4-next Bep ) (NEB)
• Bi .BZ Ep ,

REB ,nBz D :{Xi}ieI topological spaces . The disjoint union
⇒B-sc-pkaec-Bzc-B.tlBe) or Coproduct space HEI Xi is the disjoint

THEN# There is a unique topology -1 union set ¥=-✗ i = Viet { i}✗Xi with the

an X for which p is a basis topology T = { ¥=Vil Vit Xi open
titi} .

D: T is the topology generated by p .

D: bj : ✗j-l-ic-IXi.se i-lj.se)
(this

map is continuous ) .

T :(Universal Property of # ) : For any space 4
there is a bijection
cts (¥±✗i

,
Y ) > IT cts ( ✗i. 4)

TEI

D :X a topological space . ~ An eguiriknce relation
on X. The quotient space

✗In is

X/~ = { [se ] In c- ✗ }

CREATING TOPOLOGIES : where [a) = { y c- ✗ 1 any}

D: { ✗ z-3.ee,= an indexed family of topological with the topology given by the quotient
spaces

- The product space Tlxi is the map p : ✗
→ Ñ~

,
a -1> [a ]

,
ie .

2-EI

product set with the topology generated T = { VE ✗In Ip
- '

(v1
open

in ✗ }

by the following basis

13
= {¥Iv, / Ui C- Xi open titi and T: For any space Y & continuous f :X-4

{ ic-t-lvi-x.is :S finite } such that [ fine -_ fixes ⇒ a. - na]
The basis is ALL such products over all possible ⇒ Funigue continuous map F with

Vi dad possible finite collections of them . ✗ f- ✗ /~ commuting

☒¥



D: For a pair of art maps D: For h > 0

f- : ✗→ Y
, g

: ✗ → Z we define the 5h = { seek
""

I Hall -_ I}
"

n sphere
"

pushart of f. g as the space Dh = { x c- IR
" I knit €13

"

n bisk
"

41×2=(411-7) / ~ Note that Il - Il is euclidean dz norm ,

with ~ the smallest eguivilence relation & ☒
•

= {*3
.

such that V-nc-xlfn.gr ) c- ~

D: For n> 1 we denote the inclusion

✗ f- y l : Sh
- '
→ Dn .

gt ti .
So XD'

s
'
c-DZz

→ Y

"-Z¥y±×zV2
•
- -- - - - - -- -

f• ¥ :÷:÷÷• - - - -
- - - - - - •

co -
- -- - - - - - - . .@@

• - - - -
- - - -

- - . @

T:(Universal Property of Pushait ) :
Forgiven f- & g as above and ant

☐ : A topological space 4 is obtained from
topological space ✗ by attaching n -cells

maps vi.Y→W and viz →W (n > c) if 3- a family of continuous

such that this diagram commutes maps
{for :S

" - '
→✗ }✗e, and a

homeomorphism between ✗ & the

✗# y ie -

pushout of . . .

/ f-
= ( fixes

19 fu uot ¥" _④×
z
v_W

tall | homeomorphict
Then there is a unique cut map ~ I

t.IE
→ W such that ¥15- X÷¥ ¥1

"

EY

F-
✗
f-

y Bushart

where f / g. =fa ,
L :S

" - '
→ D

"

is the

inclusion .9¥# yz y is obtained from ✗ by
"

gwi.ng.mn n ads

along attaching maps fa .

Note that A
may be empty .-w

D: A topological space ✗ is a finite CW complex

if F a sequence Xo
,
. . .,Xn=✗ f- topological

ie . Such that the two Markes spaces where Xo is a finite set with discrete

sub triangles of the diagram topology & Xi is obtained from ✗ i - i by
commute . attaching a finite # of i - cells .

D: A presentation of ✗ is such a sequence

along with the attaching maps Efx :S
"

'→Xz=
,}a←s;

used at each step .



compactness :
SEQUENTIALLY COMPACT METRE SPACES : D: YEX a metric space (✗ id ) is

☐ : ✗ c- IR is bounded ⇐ FM> 0
,
✗ C- C-Mind bounded if Fzex FE> 0 YE Bebe)

.

D: For ✗ER
,
se c- R is an adherent T : f- c- ✗ (a metric space) is sequentially

point of ✗ compact ⇒ K is closed & bounded in ✗ .

⇐ 7 a sequence Can)i=o converging to
T:(Xid ) sequentially compact ,

YEX closed

se with aiex vi
⇒ 4 is sequentially compact

⇐ V-E > 0 FYEX ( lse - yl < E)
T : ✗ is closed if it contains all its COMPACT TOPOLOGICAL SPACES :

adherent points . This holds in
any

metric D: (X
,
T ) a topological space . C- {Ui}ieI

space .
an indexed family of open

sets -

( closed in the metric topology ) .
E covers ✗ Core forms an open cover)

if ✗ = U
iEI Ui

T :(Bolzano Weierstrass ) KEIR is closed D: e covers YEX if {Uiny }ze± covers

and bounded iff every sequence in 4 .

K contains a convergent subsequence , D: E is finite if I is finite

converging to a point in K -

D: A sub cover of T is an indexed set

{ Vj}jeJ with JEI . which is itself

☐ :(✗ id ) a metric space .
Can)T=o a sequence

a cover -

in ✗ . (a)To converges
to xex D: A topological space ✗ is compact if

⇐ n'Is an __ x

every cover of ✗ has a finite
⇐ Ye > 03N> 0 Knew ( h > N ⇒ dtxn.se )<E) subcover .

⇐ Fe > 07N > 0 ( {an}
n>N
E Been) )

T :p a basis for topological space ✗ .

T : If Inn)n% has a limit it is unique .

✗ is compact ⇐ every open carer
T : A function between two metric spaces consisting of sets in p has

f :( ✗ ,d× ) >Hidy ) is cts a finite suborner .

⇐ ten-se in ✗ ⇒ flan)→fki-n
T:(✗d) sequentially compact metric space .

D: IX.d) a metric space is sequentially te > o Fx
, , .
. . ,znEX such that

compact if every sequence in ✗ has {Beti )}É= ,
covers ✗ -

a carvnvergevt subsequence .

D: A subset KEX is sequentially compact T:(✗ id) metric space with associated

if the metric space (K ,dl⇐×←) is sequentially topological space IX.T) .

compact .

IX.d) is ⇐ IX.T) is

sequentially compact compact -
T : f- :(Add

→ (4. dy ) is cts KEX

sequentially compact ⇒ f- (K) EY sequentially T
: KEX a topological space is compact

compact .
⇐ For

every indexed family of open sets
{Vi3ze± such that KE ¥-4

Tf :X→ R an nonempty sequentially Fafihite I' C-I with KE¥± , Ui

compact metric space IX.d)
⇒ 72

, ,2zEX with T.fi/-s4d-st-EX compact
ltnfx f- (2.) 3f(n) 31-122) ⇒ f- ( K ) C- 4 is compact.

Extreme value theorem -



T " f- :X ' R cts on nonempty compact HAUSDORFF SPACES A SEPERATON CONDITIONS

topological space ✗ . D: Topological space ✗ :S

→ 3- c.dex with flu > flat > f- (d) ltxex . Hausdorff if for any niy
C- ✗

a =/ y FUN open with set U

T:

Every closed subspace of a compact & yell and Vnv = .

topological space is compact .
T:X Hausdorff

,
nth

T: For ✗ & 4 compact topological ⇒ {a} closed

spaces T:X metrisabk→ ✗ Hausdorff
• ✗/~ compact T:{ ✗i3ie± a family of Hausdorff
• ✗ ✗ Y compact spaces

⇒ II.Xi is Hausdorff
• ✗11-4 compact T :X 44 Hausdorff ⇒ ✗ 11-4 Hausdorff

T : Any compact subspace of a Hausdorff space
T: Any finite CW complex is compact is closed .

T:X compact ,
Y Hausdorff .

Then
any

T :( Heine - Borel ) : continuous bijection f :X
→ Y is a homeomorphism

✗ER
"

compact ⇐ ✗ is closed &

bounded D: f- : ✗→ Y is
open when

VEX open
⇒ flu ) open

T:D
"

ER
"

& S
" EIR
" '

are compact maps open sets to open sets

T : For 4
, ,

- -
-

,
Yn EX some space such

that tri Yi is compact T : Any finite ow complex is compact
⇒ Yi is compact subset of X - Hausdorff .

D: Topological space ✗ is locally compact D: Supposing one point sets are closed in ✗

⇐ Yu c- ✗ FU C-✗
open FKEX

• ✗ is regular if for each point se and

compact such that NEVE K - closed BEX with se ¢13 there exists

disjoint open
sets V.V such that

T:X locally compact se C- U
,
BEV .

• ⇒ [ AEX closed ⇒ A locally compact]
• ⇒ [ ✗ Hausdorff ⇒ ✗ regular]

• ✗ is normal if for each closed disjoint

pair of sets A.BEX FU, open
and disjoint A EU ,

BEN .

T : Any methsable space is normal .

T : Any compact Hausdorff space is normal



Function Spaces :
SUB - BASIS T : cx.y.zictsCU.tl/ctsCX.y)-cts(X.z )
D: The topology on ✗ generated by

(gif ) - got
a collection of subsets SEPCX) is is cts whenever ✗ & 4 are locally
45 > =h{J IT is a topology on ✗ compact Hausdorff .

& SET} . T : f- :X-14 cts
, 4 locally compact

D: (X ,

T ) topological space . A sub basis Hausdorff → cts ( 4. Z )→ ctscxiz )

of T is any
QET such that y

- got
< Or> =T . is cts for any

Z .

T : gill
→Z cts ,

✗ locally compact Hausdorff
ni

T: Vess> ⇐ U = ¥, sj.ie
⇒ ctslx

.4)→ ctscx-2-1 is cts .

sj.ES V-j.in f - g of

Any set in the topology is expressable as (compositions continuous counter certain

a union of finite intersections of elements conditions ) .

of the generating set .

'

T : For ✗ compact Hausdorff { X* }

T : f : ✗→Y .
S a subbasis for the topology is open in Tx

. -2
: where ✗✗ is

an Y ⇒ 'g ⇐ f-
'

(v ) open] the characteristic function of ✗ & Taz is

VES the compact open topology on ctslx
,
I )
I

Sierpinski space .

THE COMPACT OPEN TOPOLOGY : T : Y Hausdorff ⇒ cts(✗ ,y ) Hausdorff
D: ✗ & 4 topological spaces . The compact

open topology Tay on Cts IX.4) is

the topology generated by the set
{ Slkiv ) }k#compact , Vey open .

where

51kW)={ flflk) EU} .

CLOSURE :

ie ' Tay
= ( { Slkiu ) }ke× compact . Vey open) D: A EX for ✗ a topological space

• A- = ME CEX ( C is closed & AEC }

T: with Tx
,
we have that for any cts •A°=U{VENU is open

& UEA }

Fi 2- ✗✗ → Y
,

the map 2-→ Flz
,

- ) A- :S the closure of A . A° is the

is a cts map
2- → cts (Xi 4) AND interior of A .

for ✗ locally compact Hausdorff there is

a bijection T : some properties of closure

ctslzxx , 4) ctslz.ctslx.LI )) °
se c- A- ⇐ Every open neighbourhood of se

¥ ,×,y( F)(2)(a)= FIZ.ae) contains an element of A .

The existence of this bijection is the • For a metric space IX.d) , Beth C- { ytxldlniyke}

adjunction property .

• f : ✗ → 4 cts ⇒ f- (F) a- flat
• A C- B ⇒ A- c- I



METRICS ON FUNCTION SPACES :

T : ✗ compact , Y metrisabw - THEN for any

metric dy inducing the topology on Y , there is an

associated metric on Ctslxil )

dolf , g) = sup {dylfn.gr) In c-✗ }

which gives the compact open topology .

Note that the topology on Cts(✗ 14 ) is independent

of the choice of metric on Y .

COMPLETENESS & FIXED POINTS :
T: Any compact metric space is complete .

D :(4. d) metric space . AEY . For ytY T : I compact , Edy ) complet
we define dly . A) =int{ dly >

a) IAEA} -1-5 ( ctslx-4.dk ) compute
T: d. (- , A)

'

- Y→ R is cts . →Topological space ↳ metric spaces
T:(4. dy ) a metric space ,

k compact
.

U
open

st . KEV ⇒ FE > 0 ltket D: A fixed point of a function .

V-KC-Udyfn.br )> E f : ✗ →✗ is an seek with foe = a

D: ✗ a set 14
, dy ) a metric space D: IX.d) metric space . f. ✗

→ ✗
is a

Cfn)n=o a sequence of functions with contraction mapping if 72 c- (0.1 )

fn :X→ 4 .
let f- : ✗→4 a function dlfn.tn' ) ± ✗ dlx.se' ) V-se.si EX -

D: 7 is the contraction factor
• ( fn )n> o converges pointwise to f T : Any contraction mapping is cts .

⇐ V-nc-XV-esoFNEINCnziV-dylfnn.tn )< e)
T:(Banach Fixed point Thm) :

• ( fn )n=o converges uniformly to f IX.d) complete . f- : ✗→X contraction
map

⇐ V-E>OFNEIN lfnex ( n > N ⇒dylfnx.fm )<E). ⇒ f- has a unique fixed point .
- AND V-nEX If"n)n>o converges

to

T: ✗ a topological space ,

(4.41 metric space this unique fixed point .

f : ✗→ 4 is the un#m limit of lfnlns.co
2

THEN : fn cts th ⇒ f cts .

T :(Picard ) : h : V- R
,

VER
open .

St (no
, yo)
EU

.
and

D: A metric space (A.d) is complete if G-a >OK V-cn.y.1.cse.ge> EU )
every Cauchy sequence in A converges to

( lhln.y.j-hcn.ge) / a- ✗ ly , -g- 1)
a value in A.

Note that completeness is a genuine property
⇒ 78>0 such that initial Value problem

of the metric Not the topology .

Y
'

(2) = hln.TK))
, 41%1=90 has a

T : If two metrics on A
, d ,

& dz
,
one unique solution on [ no - S

,
nots ] .

Lipschitz eguivileut then

(A.d.) complete ⇐ ( A.dz) compute
T:(A.d) complete ,

BEA closed

⇒ (B. d) complete .



TUTORIALS :

① ③
D: ( secy>

= { {a}
,
{my}} D: A topological group is a set

The
"

Kuratowski pair
" def ✗ with both a topology ,

'T
,

&
group properties ( ✗ ,

•

, e)

✗ ✗Y
-

- { In .gs/ac-X.yc-Y } tfuiiti.IT
such that identity

±

✗ i
= { Cni ) ;# In ; c-✗i } • :#→✗ is cts

D: (ai ) ice
= { ii. x ;) lieI } C- j

'

:X →✗ is cts

(Cartesian product ) .

D: An isomorphism of Topological groups
is an isomorphism of groups that

D: Disjoint union Is also a homeomorphism .

¥±✗i=¥={ a- 3×11 ;

= { ii. a) litt , ntxi } ④ T:X locally compact Hausdorff
⇒ ✗ is homeomorphic to

t: vi.Vi EXI a subspace of a compact
⇒ Ui)nVi) Hausdorff space

.

= ¥ (Uinvi ) D: For LCH space
✗ we

define the one-point-compactification
= ✗I{ a} which is

compact Hausdorff .

② T : f : XX → Y is • UEÑ
,
actu open

d-s ⇐ fop is cts - ⇐ u open in X .

• UEÑ
,
✗ EU open

T: There is a bijection between ⇐ FKEU compact with

open sets of &
saturated open

U=k
' # Exes

.

✗Tv sets of X -

D :# saturated open
set VEX ⑤ Paths

is a set that
• Is

open
•

any ,
REV ⇒ YEN ⑥


